sarily topological [6] , [9] , [10] .
One basic question is: what is the largest set A' to which A can be extended in the above sense of simultaneous analytic continuation? This set, if it exists, should be the holomorphic hull of A. In §1 we define the holomorphic hull of a compact set A in a Stein manifold X to be the spectrum of the algebra of holomorphic functions on K (completed in the maximum norm), which we denote by E(K). E(K) is mapped into X in a natural way, and we see that it is the maximal set to which A can be extended. Moreover, we show that if E(K) is schlicht over X, then A can be extended to E(K), thus justifying the definition. If K=E(K), then we say that A is holomorphically convex. In analogy to the theory of polynomially convex sets, there are many problems associated with this concept.
One can give conditions using the Levi form on local submanifolds Afc Cn, « > 1, that M be locally extendible [1] , [7] , [9] , [16] , [18] or that M be locally holomorphically convex [18] , [19] . For local hypersurfaces S in Cn, there are essentially two complementary known results: (1) if the Levi form is nonvanishing at p e S, then the local holomorphic hull of S at p contains an open set, (2) a necessary and sufficient condition that 5 be locally holomorphically convex is that the Levi form vanishes identically. The problems for lower dimensional manifolds stem from trying to find (1) the structure of local nontrivial hulls (such as being an open set or a higher dimensional manifold), (2) necessary and sufficient geometric conditions that a manifold be locally holomorphically convex, and (3) global conditions that a compact submanifold be extendible or holomorphically convex. In §2 we prove that any submanifold M in C" with a vanishing Levi form is locally holomorphically convex. For a certain class of dimensions the converse is true, solving the second problem stated above for this case. In §3 we examine in more detail the structure of the local holomorphic hull of an («4-l)-dimensional submanifold M in C with a nonvanishing Levi form. We show that M has a local holomorphic hull which contains an (n + 2)-dimensional manifold immersed in C which has the local structure of an «-parameter family of Riemann surfaces. We then give an example to show that the local holomorphic hull of such a submanifold need not contain an open set. Bishop [1] shows that, in C3, under more stringent conditions, M has a local holomorphic hull which contains an open set. This work has been extended by Weinstock to submanifolds of codimension 2 [17] .
In a remark at the end of §3 we discuss the extendibility of compact submanifolds with constant dimensional complex tangent bundles of positive dimension. It is conjectured that such manifolds are always extendible to higher dimensional manifolds, and some special cases are discussed. On the other hand, one can prove that a compact ^-dimensional submanifold M with no complex tangent vectors is holomorphically convex (see [20] ). In this case one can prove a stronger result, namely that the algebra of holomorphic functions on M is dense in the algebra of continuous functions (see [4] , [20], [11] ).
1. The holomorphic hull of a compact set. Let A be a uniform algebra of continuous functions on a compact space K, and denote by S(A) the spectrum of A (see [5, p. 56] ; we shall use [5] as a basic reference throughout this paper).
Let X he a complex manifold with structure sheaf 0X = 6 (sheaf of germs of holomorphic functions on X). If S is a subset of X, let 0(S) he the algebra of sections of <9 over 5 (germs of holomorphic functions defined near S). Let U be an open subset of X. Then <S(U) is a Frechet algebra with the topology of uniform convergence on compact subsets. Let E(U) denote the space of continuous complex homomorphisms of 0(U) into C equipped with the weak-star topology as a subset of the dual of&(U) (this is the envelope of holomorphy of U if U is contained in a Stein manifold X, see [13] ). Let K be a compact subset of X, and let C(K) be the Banach algebra of continuous complex-valued functions on K with respect to the maximum norm. Let 3V(K) be the subalgebra of C(K) obtained by restricting representatives of elements of @(K) to K (note that this restriction is not one-to-one), and let A(K) be the closure of 3Hf(K) in C(K).
A(K) is then a uniform algebra on K, and we will define the holomorphic hull of K to be S[A(K)], to be denoted by E(K). The justification for this definition will be given by the results of this section. where K<=<f>[E(K)] and </> ° tt is the identity on K.
Proof. Let ir:A->P(A) be the Gel'fand map, where n(x) = 8x, the Dirac measure at x. Define the map fr E(K) -* E(X) by <f>(X) = X\0(X). It is clear that these are continuous maps and that <j> ° n is the identity on A. Applying the theorem that X Stein implies E(X) = X (see [5, p. 222 ]), we obtain the desired result, and the proposition is proven. A compact set A in a complex manifold X is a holomorphic set if there is a sequence of open Stein manifolds A^c X such that J|tlcl¡ and CO k= n xt (such sets were called S6 sets by Rossi [12] ). A set A is locally holomorphic at pe K if there exists a compact neighborhood N ofp such that N n A is holomorphic. We will say that a set A in a Stein manifold X is holomorphically convex if A is equal to its own holomorphic hull, i.e. if the mapping <j> given by Proposition 1 is a homeomorphism from E(K) onto A. And, similarly, a set A is locally holomorphically convex at pe K if there is a fundamental system of neighborhoods of p, whose intersections with A are holomorphically convex. Note that since the intersection of two open Stein submanifolds of X is again an open Stein submanifold, if A is locally holomorphic at p, then there is a fundamental sequence of neighborhoods ofp, whose intersection with Ais holomorphic (is a holomorphic set). The following proposition shows that holomorphicity implies holomorphic convexity, and it is unknown to the author whether the converse is true, although it seems likely that that should be the case. Theorem 1.2 (Rossi [12] ). If K is a holomorphic set, then K is holomorphically convex. Corollary 1.3. If K is locally holomorphic at peK, then A is locally holomorphically convex at pe K.
Suppose K<= A', then we shall say that K is extendible to K' if the natural map r:0(K')->(P(K) is an isomorphism. A is said to be extendible, if there exists a A' strictly containing K, such that A is extendible to A'. Proposition 1.4 . Suppose X is a Stein manifold. If K is extendible to A', then <t>[E(K)]=>A' and the map -n: A-> E(K) extends to a map -n': A' -> E(K) such that (f> o 77-' is the identity on A'.
Proof. By hypothesis, r: <S(K') -*■ 0(K) is an algebraic isomorphism. It follows readily that \\rf\\K= ll/IU-, fe^(K') and hence that r extends to a topological isomorphism, r: A(K') -*■ A(K). Thus r*: E(K) -*■ E(K') is a homeomorphism. Letting # be the Gel'fand map mapping K' into E(K'), we set 7r' = (r*)_1 o #, which proves the proposition.
Assuming that X is still a Stein manifold as before, we make the following definition. We shall say that E(K) is a schlicht holomorphic hull if the map </> given by Proposition 1.1 is injective, and we set </>[E(K)] = K, identifying E(K) and K by the homeomorphism </>. Theorem 1.3. Suppose X is a Stein manifold and K is a compact subset of X with a schlicht holomorphic hull K. Then K is extendible to K.
Proof. Let U be an open set in X containing K. Then since K^ £/<= X, the natural restriction maps induce maps
where E(U) is the envelope of holomorphy of U and F is a locally biholomorphic map (see Rossi [13] ). Moreover we have that F ° t = </>. By hypothesis, </> is injective, hence we obtain that F\t(E(K)) is injective. But r[E(K)] is compact, since E(K) is compact. It then follows from the fact that Fis locally biholomorphic that there is a neighborhood N' of t[E(K)] such that F maps A^' biholomorphically onto a neighborhood N of K in X, where we have identified X with E(X) since X is Stein. If feO(U), then /extends to fe 6[E(U)], since E(U) is the envelope of holomorphy of U. But then/=/° F_1 is holomorphic on A^, and f\N n U=f\N n U, and /is an extension off from U to U u A^Â.
To prove the theorem it suffices to show that the restriction map r : (9(K) -> &(K) is onto. Suppose a e &(K), then there is an open set U^K and anfe <P(U) such that /is a representative for a. By the above construction,/can be extended tofe 0(N) where N^>Ñ., and/induces a germ /?e E>(Á) such that rß = a, and the theorem is proven.
2. Local holomorphic convexity of submanifolds in Cn. Let M be a real submanifold of a complex manifold X(all manifolds will always be C"). We shall say that M is locally extendible at p e M if, for any sufficiently small neighborhood At a point where TC(M) is nondegenerate, the Levi form is well defined. Consider the complexification TCP(M) ® C (tensor over P); then J extends naturally to this vector space and has two eigenspaces. Let TP1M(M) be the eigenspace with eigenvalue +1 and let TP°'V(M) be the eigenspace with eigenvalue -1 ; then we have TCP(M) ® C=TP1-0)(M) ® TP°-V(M). Conjugation is well defined here and gives an anti-isomorphism of TP1,0)(M) onto TP0A)(M). Also, there is a canonical isomorphism between TCP(M) and TP1M(M), and we will identify these two vector spaces, using TCP(M) in the sequel. Remark. This definition is independent of the choice of 7 (cf. [8] ). We shall need the following two results concerning the Levi form on a submanifold of C\ Proof. Since TC(M) is nondegenerate at p we can find a local basis for TC(M) in a neighborhood N of p in M, which we denote by {Xx,..., Xm}. These will be linearly independent complex vector fields of type (1, (2) This theorem was stated more generally in [18], but the proof given was only applicable to the case stated here.
Proof. This follows easily from elementary linear algebra and the implicit function theorem, see [1] , Hence we obtain the result that at z = 0, H has at least s+r positive eigenvalues. It follows that p can be chosen so that H has at least s + r positive eigenvalues on B2p. Proof. Sufficiency is given by Corollary 2.6. Necessity follows as in the proof of Theorem 2.7 where we use the fact that an extendible set cannot be holomorphically convex as we see immediately from Proposition 1.4 and the definition of holomorphic convexity.
Remark. It is likely that Theorem 2.7 and its corollary are true without the dimensional restrictions presently necessary. 3 . Structure of local holomorphic hulls. Let M be a real C°° (n+ l)-dimensional submanifold embedded in Cn, where n is fixed and ^ 2. Suppose TC(M) is nondegenerate at p e M. We shall assume that rank TC(M) at p is one. We have first a with coordinates in Q given by q = (pem,r,t) and in P by p = (ew,r, t), t=(tx,...,tn_x).
To find a mapping F: Q-+Cn which has the above properties it suffices to solve the following equation Proof. These inequalities are derived by Bishop [1] in the case m = l without norms on the parameters. However, the arguments extend easily to this case and we will omit the details here. Take Km> CJ2 in Lemma 3.1, and let y= \\t ||m which is a constant independent of m, m>l. We now have the basic existence theorem. This theorem is due to Bishop [1] in the case m-l, when the L2 norms are taken only over the unit circle. The somewhat stronger result presented here gives us differentiability with respect to the parameters involved. Using the inequalities in Lemma 3.1, it is easy to see that/' converges in H™_X(P) tofe H^-i(P) which satisfies the equation in (ii) and satisfying l/l. Ú (4Kmyi (see [1] ). Then we have that Thus, it is clear that a necessary and sufficient condition that LP + 0 at p is that h'wib be nonzero atp for some j,j=l, ■ ■., n -l. By virtue of Lemma 3.4, we may assume that forPp^0 atp e Mn+1 the mapping </> is of the form (where p = 0 in Cn) Since 8fi/8s and dgjds are bounded, we obtain the desired result, using (3.7), and the fact that x is evaluated at (/, g)(p). Remark. In this theorem we may let k be as large as we please, by choosing « sufficiently small.
Proof. Since J(F) is a holomorphic function of £ for fixed (s, c), then J(F)(c, s) can only be singular at isolated points in D or singular everywhere in D. Since J(F) is not singular at 1 = 0 by Lemma 3.7, then J(F) is nonsingular in D except on a discrete set. Since this is valid for all (c, s), then the set of singularities of F is at most an «-dimensional subset of Q. The theorem then follows.
This theorem will now give us the main result of this section. Proof. We construct the map F:Qe^Cn given by the previous theorem. We have P(0) = 0. Then F(QS) is an «-parameter continuous family of analytic discs as defined in [18] and by Theorem 1 of that same paper we obtain that M is extendible to F(Qe). Let M be F(N) where A^ is a neighborhood of q e Qs so that its image in Cn is a submanifold embedded in C. The theorem is then proven.
We want to give an example of a 4-dimensional submanifold M^C3 which satisfies the conditions of Theorem 3.9 but which is not extendible to an open set. Namely, take M = {zeC3 : \z2\ = |zi|-l, \z2\ è e, \z3\ = 2}, and let p = (1, 0, 2), for instance. One can check that Lp ^ 0, and in fact, by standard Cauchy integral techniques it is easy to see that M is extendible to M = {zeC3 : \z2\ g |xx[-l, \z2\ Ú e, \z3\ = 2} which is a 5-manifold. But M5 can be expressed as the countable intersection of domains of holomorphy Un in C3 given by Un = {zeC3 : \z2\ < |Zi|-(l-e"), \z2\ < e+en, \z3\ < 2 + en} where £"<1, and en->0, as «->oo. It follows that M5 is not extendible to an open set. Remark. Let M be a compact C°° real /c-dimensional submanifold of a Stein manifold X with TC(M) of constant complex rank « > 0. We conjecture that M is extendible, and moreover that 4>[E(M)] contains submanifolds of X of real dimension greater than k (</> as in Proposition 1.1). This is true in certain cases. Bishop's peak point theorem [2] implies the existence of points pe M such that there are no complex submanifolds at any positive dimension embedded in M containing the point p(*). It follows from Theorem 2.3 that, if k>n, m = k-n, then M is extendible. Moreover, if k = n+ 1, and m= 1, it follows from Theorem 3.9 that M is extendible to a manifold of real dimension «4-2. Also, if k = 2n-l, then M is extendible to an open set, which follows from Stein's theorem [16] (see also [9] , [18]), on extension from strongly pseudo-convex hypersurfaces. This is, of course, related to Hartog's classical theorem, but the analysis here gives us less information on the extended open set.
Remark (Added in Proof). It has been pointed out to me by H. Rossi that the proof of Theorem 3.9 generalizes without much trouble to the case Mk<^Cn, k>n, and rank TC(Mk) = k -n. That is, under these conditions Mk is locally extendible to a differentiate submanifold of one higher dimension as in Theorem 3.9. One needs only find the suitable generalization of (3.6) for rank TC(Mk)> 1, so that the computations can be carried out. The extension manifold will be a (k-^-parameter family of analytic discs, where the parameters come from w2,.. .,wk^n, as given by Lemma 2.5. The estimates of Lemma 3.1 and the corresponding existence theorem (Theorem 3.2) are valid in this case without change. It follows that (4) This was pointed out to me by H. Rossi. Theorem 2.7 and Corollary 2.8 extend to this case. This extension result is also contained in the thesis of S. Greenfield (Brandeis, 1967) , where a somewhat different proof is involved (still using the techniques of Bishop, however) . Greenfield studies also higher order Levi forms and higher order extendibility of submanifolds.
